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INEQUALITIES FOR SOME MAXIMAL FUNCTIONS. II

M. COWLING AND G. MAUCERI

ABSTRACT. Let S be a smooth compact hypersurface in R", and let u be a
measure on S, absolutely continuous with respect to surface measure. For ¢ in
R, put denotes the dilate of u by t, normalised to have the same total variation
as u: for f in S(R™), u# f denotes the maximal function sup;q [ut * f|. We
seek conditions on u which guarantee that the a prior: estimate

Ik#fllo < Cllflles £ € SR™M,

holds; this estimate entails that the sublinear operator u# extends to a bound-
ed operator on the Lebesgue space LP(R™). Our methods generalise E. M.
Stein’s treatment of the “spherical maximal function” [5]: a study of “Riesz
operators”, g-functions, and analytic families of measures reduces the problem
to that of obtaining decay estimates for the Fourier transform of u. These
depend on the geometry of S and the relation between p and surface measure
on S. In particular, we find that there are natural geometric maximal operators
limited on LP(R™) if and only if p € (g, o0]; ¢ is some number in (1,00), and
may be greater than 2. This answers a question of S. Wainger posed by Stein
(8].

0. Notation and contents. The following notation will be used: the Fourier
transform f of a function f on R™ is given by

fo = [ e, cern

By B(z,r) we mean the open ball of radius r and centre z. The unit sphere in R™
is S"~1; we often use polar coordinates p and o, with p in [0,00) and ¢ in S™~1.
By expressions like C, Cp, Ck, r, etc., we denote various constants, which may vary
from line to line, and which depend on p, k and R, and so on. These constants will
normally also depend on other parameters, like n, the dimension of the ambient
space, but we do not mention this dependence explicitly.

Given f in S(R"™), we denote by é; f and D, f the dilates:

6:f(z) =t~ f(t 1z), teR*, z€ R,
D, f(z) = f(tz), teR*, zeR™.

These are related by the Fourier transform (6,f)” = Dy f . For a distribution ¢ in
S’(R™), define 6;¢ and D;¢ by duality:

<6t¢af) = <¢,th>a t€R+) fe S(Rn),
(Do, f) = (6,6:f), teR*, feSR).
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For fin § and ¢ in S’, the maximal function ¢ f is defined thus:
o* f = sup{|6:¢ * fl:t e R¥}.

In §§1-3 of this paper, we treat the theory of maximal functions associated to
measures supported by surfaces; roughly speaking, the three sections contain the
casesp=2,1<p <2, and p > 2. §4 contains a family of examples; the estimation
of the Fourier transforms in §4 requires many applications of van der Corput’s
lemma. We have grouped these together in an Appendix.

This work was announced in 1980 by the first-named author [1]. Related work
has been presented by A. Greenleaf [3], and can be found in the recent preprint of
C. D. Sogge and E. M. Stein [4], which arrived while this paper was being typed.

1. The L2-theory. In this section, we prove that the maximal operator ¢#
is L2-bounded for a compactly supported distribution ¢ whose Fourier transform
vanishes fast enough at infinity. The proof hinges on a study of “Riesz operators”,
introduced below, and a g-function argument. In particular, Lemma 2.examines
the effect of Riesz operators on Fourier transform decay and Lemma 3 studies
their composition. The techniques of Lemma 2 come from the theory of fractional
differentiation, and were well known to the experts. Lemma 3 involves a real
variable argument which is simpler than some other approaches, which superficially
invoke properties of Bessel functions (e.g. Stein [5]). Finally, Theorem 1 is based
on the work of Stein (see also Stein and Wainger [7)).

Our first result, a preliminary lemma, is standard.

LEMMA 1.1. Let ¢ be a distribution supported in B(0, R). Suppose that, for
some a i R,

1d(po)| < (1+p)*, o€S™ ! peR*.

Then q{) is C°°, and further, for all k in N, there are constants Ci,r such that
|6%/8p5d(po)| < Cr.r(1+p)*, o€ 8™ !, peR*.

PROOF. It is well known that q3 is real analytic, so ¢A5 is certainly C*°. Next, if h
in S(R) agrees with the function ¢ — (—2mit)* on a neighborhood of [~ R, R], then

8% 18+ 3(p0) = / dr h(p - r)(ro),
R

from which the lemma follows. O
Now we define the Riesz operators: later we study their properties. For a,z in
C, with Re(a) > 0 and f in S(R™), we define R, . f as follows: if Re(2) > 0, then

Ro.f(z) = 2I‘(z)‘1/01dtt"‘1(1 —12)2718,f(z), zE€R™

This integral converges absolutely, and R, ,f is integrable and rapidly decreasing.
For fixed a and z, 2 — R, .f(z) continues analytically into C. Indeed, if z = 0,
8¢ f(z) is constant, and the claim is clear. Otherwise, t — 6 f(z) vanishes rapidly
as t — 0+ and is C™, so admits a Taylor expansion about 1 of arbitrary order.
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Then for any M in N,

1
o (2)"! / dtt9-1(1 — 2)*-16, f ()
0

1 M-1
=2I'(2)"! / dtte=1(1 —¢2)*! ( E am(1—t)™+ RM(t)) ,
0

m=0

where the remainder Rps(t) is bounded and satisfies Ry (t) = O((1 — t)M). Our
integral breaks into the sum of M B-like integrals, whose poles are annihilated by
the factor I'(z) !, and an integral involving the remainder which continues into the
region Re(z) > —M. The analytic continuation follows by the arbitrary size of M.

By this same argument, it is clear that R, ,f is C* away from 0 and is differ-
entiable at 0 to any preassigned order, provided that a is large enough.

Note that Roof = f.

Clearly, if Re(z) > 0, then

1
(Ra,2f)(€) = 20(2) " /0 dtto 11— 21D, f(E), €€ R™;

this continues analytically in z for similar reasons.
If ¢ is a compactly supported distribution on R", then we may define R, ¢ by
duality: for f in S(R™),

1
(Raz, f) = 20()"" /0 d12=1(1 — 2)7~1(g, Dy ),

or equivalently,
(Ra,z¢, f) = <¢, Ra,Zf)'

Our next lemma shows that, if Re(z) < 0, R, is like a pseudodifferential oper-
ator of order z.

LEMMA 1.2. Suppose that ¢ in S'(R™) is supported in B(0, R), and that for
some o 1n R,

ld(po)l <C(1+p)*, o€S™, peR*.
Then R, .¢ i3 in S'(R™) and is supported in B(0,R). Further, if Re(a) + a > 0
and if € > 0, then
|(Ra,z0) (p0)| < C(1 +p)**™, o€ S™ !, peR?,

where m = max(0, — Re(2)) + €.

PROOF. The support of R, .¢ is obviously contained in B(0,R). Further, if
o€ 8™ 1 and p>1, then

1/2p

(Ra,20) (po) = 2T'(2)~! { /0 dtt*=(1 - t2)>~14(tpo)

1
+ dtte1(1 - t2)z‘l$(tpo)} .

1/2p
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The first integral is bounded by
1/2p
Cea / dt|t*~1| = O(p~ Re(®));
0

the second integral is easy if Re(z) > 0 and is treated by complex interpolation
otherwise. If Re(z) > ¢ > 0, then

1
<C dtft* (1 = %) (tp)® < Ca,ep™.

1/2p
Moreover, by the Mean Value Theorem
(1.1) (tpo) = $(po) — (1 - t%)8(2),

where (1 +t)0(t) = 8/3sé(spo), for some s (depending measurably on t) between
t and 1. Hence, if Re(z) > € — 1, then because |8(t)| < Cp(tp)® by Lemma 1, we
have
l -~
dtt®=1(1 - t2)*~14(tpo)
1/2p

1
dtta—l(l _ t2)z—1
1/2p

1
dtt*~1(1 - t?)%6(¢)
1/2p

< |6(po)| +

1
< Co (14 p)* +Cq B dt|t*~1)(1 - t2)= 1 p(tp)™
1/2p

< Cazall+p)*H1.

The constants involved grow at most exponentially in |z|, so complex interpolation
shows that if —1 < Re(z) <0, then

|Ra2$(6)| < C(1 + p)o-Rel2)re,

(See e.g. E. M. Stein and G. Weiss [8] for a discussion of the complex interpolation
method.)
In order to treat z with Re(z) < —1, we note that (1.1) is just a low order Taylor

expansion of ¢t — @(tpo) about ¢ = 1: by using the expression
m—1

d(tpo) = D (ml) =1 (t— 1)™[O™ /8t B(tp0)]e=1 + (M1 (t — 1)M M /0™ §(3p0)

m=0
for some s between t and 1, we may show that, if Re(z) > ¢ — M — 1, then

1
dtta—l(l _ t2)z—1¢(tp0.) < Ca,z,a(l +p)a+M+l,
1/2p

and deduce the result of the lemma for z with Re(z) > —M — 1 by complex inter-
polation. O
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It may be of interest to note that, if ¢ admits an asymptotic expansion like that
of a Bessel function, then one can show that

|(Ra,28) (po)| < C(1 + p)@~Re(2)+e

for Re(z) > 0, provided that Re(a) is large enough. The Fourier transform of
measures we consider later fall into this category.

Our third lemma gives a formula for the composition of two Riesz operators. Its
form is one justification for the normalisation of R, ..

LEMMA 1.2. When Re(z), Re(a — 2w) > 0, we have
Ra——2w,wRa,z = Ra—2w,w+z, w,z € C.

PROOF. We may assume that Re(z) and Re(w) are positive, and then obtain
the general result by analytic continuation. For £ in R™ and f in §(R"),

(Ra—Zw,w (Ra,zf))A(E) _
1 1
— 4T (w)~T(z)"! / ds / dt 55~ 2w=1(1 = g2yw=1ga-1(1 _ £2)2=1 f(st£).
0 0

In order to evaluate this expression, we set

u = 8t, v=(1- t2)1/2(1 _ s2t2)‘1/2,
g=g(u,v) =1+u?? — 0%

Then
1—t2 =v%(1-u?), t=g/?,

s=ug”V?, 1-82=(1-ut)(1-2v¥)g L.
We have a bijection of [0, 1]? onto [0, 1], and
ot/Ou = %g“lﬂag/au, ot/dv = %g"lﬂag/av,
8s/0u=g~'/% — lug=3/29g/du,  3s/0v = —1ug~3/23g/0w,
whence the Jacobian determinant can readily be evaluated:

9(s,t)
’3(% v)

Substituting, we find that
(Ra—‘Zw,w(Ra,zf))A({) = 4F(w)—lr(z)_l
1 1
x / du/ dv ua—2w—1(1 _ u2)w+z—1v2z—1(1 _ v2)w—1f(u£)
0 0

= (Ra—2w,w+zf)A(£)a

—_ 1—139_ -1 2
= 2g av-—g (1= u*)o.

because fol dvv?*~1(1-0?)*"! = 1B(w,2). O
We conclude this section with our main L2-boundedness theorem.
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THEOREM 1.4. Let ¢ be a compactly supported distribution on R™. If for some
o in (—o00,—1) we have

|b(po)| <C(1+p)*, o€S™!, peRT,
then the mazimal operator satisfies the a priori inequality
l6*fllz < Cllfll2,  f€SR™.

PROOF. Choose 8 in R, hin S(R™) and € in R* so that max(a, —3/4) < 8 <

—1/2, h(0) = (R2,3¢)(0) and 0 < € < 8 — . Then
|[R2,5¢6 — h] (to)| < Ct, o€8S™1 telo,1],

and
|[R2,06 — B (to)| < C(1+1t)7¢, o€8™ 1, te(1,0),

by the differentiability of [Rz 3¢ —h]”, Lemma 2, and the decay of h. Consequently,

% 1/2
(1.2) {/ dtt™|[Re 50 — h]A(ta)|2} <C, oeS8" L
0
By Lemma 3,
650 * f(z) = (Ra+28,-8(R2,5658)) * f()
= (R2+28,-8(8s R2,50)) * (),
so that

1
656 * f(z)| = l /0 dt t1+28(1 — £2)"B~1(6,, Ry o) * f ()
1/2
< {/01 dt 1248 (1 - t2)—2ﬁ-2}
1 1/2
x { [ al(6.Ra 00 f(z)|2}

<Cs {s—l /O " 4t](6:Ra.9) * f(x)12}1/2

<Cs {3‘1 /Os dt|(8:[R2,89 — ) * f(ﬂv)!2}l/2

+Cp {s-l /0 dt|(6:h) * f(z)|2}1/2

<Cg {/08 dtt|(8¢[R2,30 — h]) * f(35)|2}1/2
+Cp {3-1/08 dtlh#f(x)|2}1/2

0o 1/2
< Cy { [ a6 Re 0 - b+ f(x)i?} 1 Cah* f(z)
— Cag(f)(@) + Coh* f(z),
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say. This final expression is independent of s, so maximises ¢# f(z). Because h¥ f
can be dominated by a multiple of the Hardy-Littlewood maximal function of f,
IR#flla < Cllfll2,  f e L*R™).

Thus, to finish the proof, it suffices to estimate ||g(f)]|2-
By Plancherel’s and Fubini’s theorems, a change of variables, and (1.2),

{/Rn dzlg(f)(x)|2}1/2 _ {/Rn defooodtt_1|[R2,ﬁ¢—h]A(tg)f(§)|2}l/2

oo A 1/2

= {/ dg/ dtt™*|[Re 50 — h]A(tE')f(€)|2}
13,"' 0

<Clfllz=Clflla, fe€SR")

(here £ = [£[¢'), by (1.2). O
We avoided using the Mellin transform techniques of our previous paper (2] in
this section. The Mellin method expresses ¢ as an integral:

H(p0) = /R dn c(o, 7)o",

where ¢(0,7) = (21)! [g4+ dpp~1""1¢(po), and then one has (essentially)

16% fll2 < /R dyle(o )l 1 £z

(actually one works with ¢ — h, with h on S(R™), as above). In order to obtain
good estimates for the integral, one needs to have

B(po)| S C(1+p)*,  o€S™Y,

for some a in (—oo, —%), and also some oscillatory control, which can be verified
in the examples involving surfaces. One also needs a stronger version of Lemma 2,
involving oscillatory behaviour, in order to obtain LP-estimates: this can be done,
but is more involved. Finally, the Mellin approach requires uniformity in o which
is more complicated than in the g-function approach. In fact, there are (rather
unnatural) examples, which the g-function can handle, for which

/ dyle(o,v)| < C, o€8S™
R

but also [ dvllc(-,¥)llLe = oo, so that the Mellin technique fails where the g-
function works.

Our closing remark on Theorem 1 is quite obvious: it applies to distributions ¢
which do not have compact support but which satisfy the conclusions of Lemma 1.

2. LP-estimates. 1 < p < 2. Hereafter, we consider measures supported by
curved surfaces. Let T:R™\{0} — R* be a positive Lipschitz function, homoge-
neous of degree 1, and let S be the level set:

S={zeR™T(z) =1}.

Then S is a Lipschitz surface, and VT is an outward normal vector to S. (Con-
versely, given a Lipschitz surface S, which intersects each ray from the origin
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in one point, we can define T by the rule T(z) = A & A7z € §, A € Rt,
z € R™\{0}.) We shall be interested in measures u of the form du(z) = h(z)dS(z),
where h: R™\{0} — R is a Borel function, homogeneous of degree 0, and dS(z) is
the usual element of surface area.

By using Stein’s complex interpolation theorem, we prove that if

li(po)| < C(1+p)7%, o€ 8™1, peRT,

for some a in (4, (n — 1)/2), then p# is LP-bounded for p in (1 + 1/2a,00). The

method is an extension of that of Stein [5]: we show that (R, .u)* is bounded

on LP(R™) for all p in (1,00) if Re(z) > 1, and that (R, ,u)* is L2-bounded for

Re(z2) > % — @, then interpolate. The only difficulty lies in describing R, ,u for

Re(z) > 0; this is tackled in Proposition 2.1. The main result, Theorem 2.2, follows.
We use the following notation:

E(t) = {zr e R™:T(z) <t} U{0}, teRt.
PROPOSITION 2.1. IfRe(z) >0, then R, ,u “is” the function

_ 212—-1
(R o)(2) = { =TGPl VI, 2 € B
PROOF. Observe that, if Re(z) > 1 and g € S(R™), then
/ da:g [1 _ 2]2—1
E(1)

1
— _ _ $2)z—1y/
- /E | do9(@) /T el =

- [ aun -y [ dnote
0

E(t)

1
- —/0 dt([1 = 2= 1)n /E(l)d:cg(tx)
1
=/0 dtft — 1221 {nt"‘ L(l)dzg(tz)+t"/13(l) da:z'V[g(tz)]},

by changing the order of integration and variables, and integrating by parts. An-
other integration by parts shows that

drz-Vig(tz)] = /SdS(a:) g(tz)z - n(z) — n/E dz g(tz),

EQ) (1)

where n(z) is the outward unit normal to E(1). Thus

(2.1) / dzg(z)[1 - T(z)*)*~"
E(1)
! —1n-1
=/0 dt[1 — 2>~ 1t /ds g(tz)(z - n(z)).

By approximating by smooth functions, we see that this formula is still valid for
continuous and for Borel measurable g.
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Since T is homogeneous of degree 1, Euler’s differential equation for homogeneous
functions implies that, if T'(z) = 1,
IVT(z)l(z - n(z)) =z - VT(z) =T(z) = 1.
Consequently, putting g(z) = f(z)|VT(z)|h(z) in (2.1), we find that

/ dz f(z)[1 - T(x)?)*~}|VT ()| h(z)
E(1)
= / 1¢itt"'1[1—t2]"‘l / dz(z) f(tz)h(z)
0 S
1
_ / a1 — 2]+ / du(z) Def (z),
0 R"

which proves our claim when Re(z) > 1. For other values of 2, the result follows
by analytic continuation. O

THEOREM 2.2. If, for some a in (3,(n—1)/2],
la(po)| <C(1+p)™®,  o€S™L, peRT,
then the mazimal operator u# is LP-bounded if p > 1+ 1/2a.

PROOF. From Proposition 2.1, (R, .u)* is LP-bounded for all p in (1, 00], as
long as Re(z) > 1; indeed this operator is dominated by the Hardy-Littlewood
maximal operator. On the other hand, if Re(z) = 8 > % — o, then Lemma 1.2
implies that, for some ¢ in R¥,

|(Raet) (p0)| S Ca(1+p)V2¢,  o€8™ 1, peRY,

and Theorem 1.4 implies that (R, u)# is L2-bounded. The constant C, grows
exponentially in z, so that Stein’s complex interpolation method can be applied, to
deduce that (R, ou)* is LP-bounded for p in (1 + 1/2a,2]. Since u = R, ou, we
are done.

3. LP-estimates. 2 < p < 0o. Let S be a surface of the sort considered in the
preceding section, let u be ordinary surface measure on S, and let h: R™\{0} —
R* U {0} be bounded, Borel and homogeneous of degree 0. We suppose that
wu({z € S:h(z) = 0}) = 0. For z in C, denote by h, the function

R i

Then the family of measures u,, where du, = h,dS, is analytic. More precisely,
there exists ¢ in R U {0} such that if Re(z) > —c, then h,|s is integrable relative
to surface measure: the measures u, are analytic for these values of z. The number
¢ depends on h. '

PROPOSITION 3.1. Suppose that there are real numbers u,v in (—c,00) and p,q
in [1,00] such that pif is LP-bounded and uf is L-bounded. Then, if 0 <6 < 1,
w=0u+(1-0)v and 1/r=0/p+ (1—6)/q, uZ is L"-bounded.

PROOF. We use Stein’s complex interpolation method once again. If Re(z) = u,
then |u; * f| < || * |f| = pu * | f], s0 p# f < p#|f|. Therefore uf is LP-bounded
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with norm no greater than that of u#. Similarly, if Re(z) = v, then u¥ is L9-
bounded with norm at most that of u¥. Interpolation implies that u# is indeed
L"-bounded. O

The main new idea of the first three sections of this paper is incorporated in the
following theorem.

THEOREM 3.2. Suppose that for some positive real number a,
() (po)| < C(1+p)"Y27, o€ S™!, peRY,
where € > 0. Then u# is LP-bounded if p > 2 + 2a/c.

PROOF. If z > —c, then u# is L*-bounded because . is a bounded measure:
on the other hand, by Theorem 1, u# is L?-bounded. By Proposition 3.1, it follows
that uf = u# is LP-bounded for p in (2 + 2a/¢,00]. O

4. First examples. In this section, we estimate the Fourier transforms of a par-
ticular family of hypersurfaces in R3, with weighting factors. These will illustrate
the difficulties involved in the general problem of controlling Fourier transforms of
measures supported by hypersurfaces.

Revolve the curve |z]22 + |2|?® = 1 about the z-axis in R3. The surface of
revolution obtained is given, in cylindrical coordinates (r,0, 2), by r2® + |2|?® = 1,
and the element of surface area is dS = rdf dl, where dI? = dr? + dz2, i.e. dl “is”
the line element on the curve. We suppose that a,b > %; the surface is then convex,
differentiable, and smooth except perhaps where r = 0 or z = 0. The Gaussian
curvature k of the surface is approximately (2a — 1)(a/b)?r4*~* near r = 0 and
(2b —1)(b/a)|2|?%~2 near z = 0.

Let u be the surface measure carried by S, and let p, . (for complex s and t)
be the measure with dus, = 7°|z|* du. With a view to applying the results of the
previous sections, we shall study the behaviour of the Fourier transform of u, ;.
The cylindrical symmetry present means that it suffices to look at fis+(£,0,7). In
order to avoid chasing factors of 27, we consider the integral

1(6,n) = / /3 exp(iléz + nzl)r*|2]t dS,

where s and ¢t are complex. It is routine to check that

//s exp(i[€z + nz]) dS < oo,

as long as Re(s) > —2 and Re(t) > —1. For such values of s and t, I(£,7) is uni-
formly bounded as ¢ and n vary. It is possible to continue I(¢,7n) meromorphically
in s and t, by standard arguments.

For integral a and b, the surface is analytic: stationary phase arguments then
indicate that, for s = t = 0, I(psinw, pcosw) should decay as p=! (p — o), as
long as sinw cosw # 0, and further suggest that “damping” dS by a factor of k!/2
might have the effect of producing decay which is uniform in all directions. This
turns out to be correct, though not for all nonintegral values of a and b. (Further,
the corresponding result in higher dimensions is false.) Since we want estimates
which hold uniformly in w, we seek only estimates of decay like p~!, since these are

best possible uniformly, even though in special directions faster decay may occur.
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In this section, we consider a,b to be fixed, and £,7n to be variable. More
generally, unless otherwise specified, Greek parameters (£,7,0,7,...) are assumed
to be real and to vary over all their range in inequalities. Thus the inequality
[To(&,m)] < C(1+ |€])~! holds uniformly in ¢ and n; C may however depend on a
and b.

Take nonnegative D(R)-functions hy,ho and h_; such that h;(z) = 1 for z in
a small neighborhood of j and hj(z) = 0if |z — 7| > 1 (j = 0,%1), and such
that h?(z) + h3(2z) + h%2,(2) = 1 for all z in a neighbourhood of [~1,1]. Then
I=1,+Iy+1_,, where

Ij(n) = / /s exp(i{Ez + nz])r'|z|th(z) dS.

We shall show how to estimate I; and Iy:I_; is essentially the same as I;. This

will have the effect of separating out the contributions of the different singularities.
PROPOSITION 4.1. Suppose that Re(s) > 2a — 2. Then
|L(psinw, peosw)| < Cye(1+p) 7"

The constant Cs ¢ grows at most polynomially in |s| and |t| if Re(s) and Re(t) are
restricted to compact subintervals of [2a — 2,00) and (—00,00).

PROOF. The interval I, is obviously bounded. We note that z > 0 in the region
of effective integration. We show first that

(4.1) InIi(&m)| < C
and then that
(4.2) [€11(&,m)| < C.

Clearly, we have, for appropriately defined g,
difdz = (1+ (dr/d2)?)V? = —(dr/dz)(1 + (dr/dz)~2)!/2
= (/a2 (1 + g(2))

Therefore if s = 2a —2 + 10 (with o in R, by convention)

1 27
nL(Em) =1 / / exp(i[€r cos 0 + nz))r*+12th2 () (dl /dz) df dz
0 0

(4.3)

l .
= (2mbn/a) {/ €2 Jo(&r)r7 221t hd(2) dz
0

1 . .
+ /0 €12 Jo(Er)r@ 221+t h2(2)g(2) dz} .

We regard the first integral as the Fourier transform of the (pointwise) product of
the functions

z— 1(0,1)(z)J0(£r)ri°, z— 227 1th (2) and 2z — hy(2),
and the second integral as the Fourier transform of the product of the functions

z— l(oyl)(z)Jo(fr)r"", z— 2271 (2) and 2z — hy(2)g(2).
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Here 14 is the indicator or characteristic function of the set A. Since the Fourier
transform of the product is the convolution of the Fourier transforms, it suffices, in
order to prove (4.1), to show that, for some positive ¢,

2
(4.4) / €%hy (2) dz| < C(1+ In))~2,

0

1 .
(45) /0 €7 h (2)g(2) dz| < C(1+ nl) ',
2
(46) /0 €Mhy (2)22 1 d| < C(1+ [H)?(1 + Inl) 2,
1 B .

(4.7 MJ e Jo(ér)rodz| < C(1 4+ |o])(1 + |n]) 72,

uniformly for ¢ in C with bounded real part. The estimates (4.4) and (4.6) are
standard. In (4.5), the integral is C* except at z = 1. Now for z close to 1,

g(2) = (1 + (a/b)r2a=tzi=2)1/2

ak(,r2a—1zl—-2b)k

e

E
I
-

25)‘0—’6/20(1 —[1- z2b])—k+k/2b

e

ak(l-z

x
I
—

o )
E :akbkj(l _ z2b)k(1—1/2a)+]_
k=13=0

M

The standard techniques of asymptotic analysis now show that

1
: / €% hy(2)g(z) dz
0

Inequality (4.7) is rather more delicate: clearly the integral is bounded. Integration
by parts shows that

l . . 1 . .
—in/o e Jo(Er)r@dz = 5/0 €% Jo(Er)r'? (dr/dz) dz

< C(1+ |n|)~2+1/2e,

1
+ lim ia/ €% Jo(€r)ro 61 (dr /dz2) dz.
6§—0+ 0

We control the first integral by Lemma A.1 (in the Appendix) and the second by
Lemma A.2, thereby proving (4.7).
If Re(s) = 2a — 2 + ~, with v in R*, we argue slightly differently. We write

wh(&m) = (erina) | 65 o ()T IR 2 ()1 4 g(2)) d,

and regard the integral as the Fourier transform of the product of the functions

z— 1(0,1)(z)Jo(§r)ri°, z— 2271+, (2),
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and
z— 10,1)(2)r"h1(2)[1 + g(2)].
We use inequalities (4.6), (4.7), and the new inequality

/ol &= 1hy (2)[1 + ()] dz| < Cy(1+ )4

for some positive ¢, which is proved in the same way as (4.5), to establish the result
in this case.

At this point, we have proved (4.1) with a constant C which behaves reasonably
if Re(8) = 2a — 2, or if Re(s) > 2a — 2, but in the latter case the constant involves
the constant C, in inequality (4.8), which blows up as Re(s) — 2a—2. We therefore
need to use the Phragmén-Lindelof principle to conclude that the constant in (4.1)
has the growth properties enunciated.

We shall now prove (4.2), by simpler reasoning. From (4.3),

dl/dz = —(dr/dz)[1 + g(2)],

(4.8)

E)
l .
49)  L(&n) =—2r / €7 Jo(r)r*H L2t h2(2) (dr /d2)[1 + g(2)] d=.
0
The integral is the Fourier transform of the product of the functions

z = 10,1y(2)Jo(ér)r'” (dr/dz), z — 2'hy(2),

and .
z— 1(0,1)(2)7""'1""[1 + g(2)]h1(2).
As before, it suffices to show, for some positive ¢, that

1
[ emre il + g2l (e) def < 0+ a1,
0

2
|| emeatha(a) dz| < o+ DA+ I
0

<C(+¢ht

1
(4.10) / e Jo(ér)r*odr/dz dz
0

The first two inequalities are easy, and (4.10) follows from Lemma A.1. O
We now study the integral I; with a more singular weight function.

PROPOSITION 4.2. For fized £ and 7, the function
o= (s+2) [ [ explilgs +nal)r*|2/*h3(s) dS
S

continues analytically into a neighbourhood of Re(s) > —2. If Re(s) > -2, then

|(3 + 2)I1(£, 77)[ S Cs,t~

The constant Cs ¢ grows at most polynomially in |s| and |t| if Re(s) and Re(t) are
restricted to compact subintervals of [~2,00) and (—o0, 00).

PROOF. With k in D(R) chosen so that k(r) = h?(2),
(3 + 2)Il(€a ")

2n 1
=(s+ 2)/0 /0 exp(i[ércos@ + n2])rst12tk(r) (1 + (dz/dr)?)'/? dr db.
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It will suffice to show that
1
s— (s+2) / exp(i[ér + nz))rTlztk(r)(1 + (dz/dr)?) /2 dr
0

continues analytically in s and is bounded (uniformly in £ and n) when Re(s) > —2.
By arguing as in the proof of Proposition 4.1, we can reduce matters to showing
that

1
s— (s+ 2)/ exp(i[ér + nz))rstldr
0

has these properties. Now
1
(4.11) (s+2) / exp(i[ér + n2))r*tldr
0

1 1
=(s+ 2)/ eSTer T dr + (s +2) / e€ren ez _ 1]pot! dr,
0 0

the first integral is known to continue analytically into Re(s) > —3, while the second
continues analytically into Re(s) > —2 — 2a, because the integrand is O(nrs+1+24),
so the analytic continuation is established. When Re(s) > —1,

1
(s + 2)/ exp(i[ér + nz])rstldr| <ls+2|;
0
if we can establish that
1
(4.12) ia/ exp(i[ér +nz))r " Vdr| < C(1 + o)),
0

then the Phragmén-Lindelof principle will imply the required boundedness.
To prove (4.12), we let 4 be min{1, |n|~1/2¢}, and write, as in (4.11),

1 } Yo o
ia/ exp(i[ér +nz])r @ tdr = ia/ eCTer o gy
0 0
N
+ io/ e*Tetn [e"’(z_l) — 1)rie—1dr
0
1
+i0/ etéremz o1 gy
5

The first integral is known to be bounded uniformly in £ and # and the second is
easily checked to be bounded too. To estimate the third, we write

1 1 [e’e)
/ eéretnzpio =1 gy / / eif’ei"z(l—ia)a:ia‘zdzdr
v v Jr
oo min(1,z) )
(l—ia)/ x“’_2/ etTe dr dx
¥ ¥

0o min(1,z) )
<(1+ |U|)/ 72 / e'¢ret? dr
2 8

dz.

From Lemma A.3, we know the inner integral is O(1 + |n|)~1/22, and inequality
(4.12) follows. O
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COROLLARY 4.3. If -1<~<0, and Re(s) > —2(ay+1), s # -2, then
[I1(psinw, peosw)| < Cs¢(1+ p)7.

PROOF. This corollary follows by interpolating between the results of Proposi-
tions 4.1 and 4.2, and using the analytic function

s — (s+2)(psinw, pcosw). O

We now turn our hands to the study of the integral Iy, which is treated by similar
techniques. The results are less simple to state, but no more difficult to prove. We
need the following notation: ¢ and A are chosen so that

supp(ho) C [—¢,¢] C (-1,1), A = 3max{|r'(z)|: z € [-¢,c]}.
PROPOSITION 4.4. (i) Suppose that Re(t) > b— 1. Then
[To(€,m)| < Cs (1 + €))7

(ii) Suppose that Re(t) > 0. Then |Io(§,n)| < Cse(1+In)~" 4f [€] < Alnl.

The constants Cs ; grow at most polynomially in |s| and |t| if Re(s) and Re(t) are
restricted to compact subintervals of (—o00,00) and [b — 1,00) in (i) and (—oo, o)
and [0, 00) n (ii).

PROOF OF (i). We write

1
Io(€,m) = 2n / ()l R ) do) d,

and consider the integral to be the Fourier transform of the product of the functions
z2— 1(—1,1)(Z)Jo(f'r‘)rl/2|z|b—l+ir

and
2 = 1(_y,1)(2)r* /2|2 (dl/dz) R (2),

where vy = t+1—147 — b. Using the same techniques as in the proofs of Propositions
4.1 and 4.2, we can show that, for some ¢ in R,

+1
‘/ eznzr8+1/2Izl’(dl/dZ)h(z)(z) dz

< Cop(1+n)7175,
and Lemma A.4 implies that

+ ;
/ e Jo(€r)r'/2|z|P 1+ dz| < Cr(1+ )Y
-1

the first part of the proposition follows.
PROOF OF (ii). In this case, we write

2r 41
Io(&,n) = [ / exp(i[€r cos 6 + n2])r L |2[th2(z)(dl/dz) dz db.
o J-1
The inner integral is the Fourier transform of the products of the functions
z > 1(_c,c)(2) exp(t€r cos )|z

and

z — r* 2|77 (dl/d2)h3(2).
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Lemma A.5 implies that

‘/ exp(i[ércos@ + nz))|z|" dz| < C.(1+ |n))7L,

and it is easy to check that

< Cop(L+1n))717°

+1
/ et 2877 (dl/dz)h3(2)
-1

for some positive €; the second part of the proposition follows. O
We continue our examination of Fourier transforms with the following proposi-
tion.

PROPOSITION 4.5. For fized £ and n, the function
t— (t+1) //S exp(i[éx + nz2])r®|2|*hd(2) dS
continues analytically into a neighbourhood of Re(t) > —1. If Re(t) > —1, then
(¢t + DIo(€,m)] < Cou(1+ €)Y

the constant Cs ¢ grows at most polynomially in |s| and |t| if Re(s) and Re(t) are
restricted to compact subintervals of (—o0,00) and [—1,00).

PROOF. To establish the analytic continuation, it suffices to find the continua-
tion of
+c
(t+1) / exp(—i[ér cos 0 + nz))|z|" dz

—C

te
— (t + 1)/ emzezfc080|z|tdz

—C

+

+ (t + 1)/ ceinzeiﬁcost9[ei£c059(r—l) _ l]lzlt dt,
—C

and both these expressions continue analytically. (Compare with the proof of

Proposition 4.2.) In order to obtain the estimate enunciated, it suffices to show

that

< Co(L+ 1€V

c .
(4.13) ir/ €% Jo(€r)r'/?|z)"" 1 dz

—C

We write y = min{c, |¢|~1/2*}. Then

c .
T / e”’zJo(fr)rl/Q|z|”_1 dz

—C

v .
:ir/ €% Jo(€)rt/2)2|" 1 dz

-

wir [ e la(er) = @) 2=l ds
-

- e\ A
+ 17 (/ +/ > €2 Jo(€r)rt/?|2)"" 1 da.
e ~
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The first of these terms is known to satisfy

Yo .

ir / €72 Jo(€)rV/2|2] =1 dz| < ColJo(€)] < Cr(1+ [€])~Y2.
-9

The second is easily estimated: since, for some s in [r, 1]

[Ja(€r) - Jo(6)] = 1 Jg(€)e(r - 1)] < CIel=2]el 212,
ir [ e laoler) = (@ af 7 da
-

.
<c, / €[2[0V dz < C,(1+ [€]) V2.
' -

Therefore, in order to prove (4.13), it will, by symmetry, be enough to show that,
for any « in [0, 1],
1 .
iT/ e"”.]o({7‘)7‘1/22""1 dz
3y

(4.14) < C(1 42

Now, for £ big
Jo(ér) = Cy|&r|71 /265 + C_|&r|™ 127 + O(|6r| ™),
and

l . .
ir/ e’"’O([Erl'l)rlﬂz"'ldz

~

1
< Clr| [ ferl=tr2~" dz < Cle[~Hrl1 + log() < Clrl(1 + |e) 2
¥
By symmetry, it suffices to establish the estimate
/1 einzeifrzir—l dz
v

(4.15) <c,

to prove (4.14) and thereby the proposition. Now
1 1 poo
/ €Nz i1 gy / / e?et(1 — ir)2*" 2 dz dz
y ~y z
oo pemin{z,1} ) )
(1-17) / / eM?eériT=2 4y dx
v Iy
min{z,1} .
] €M% dz
~

<C(L+|rl) / z=2¢|"V® dz = G,
Y
by Lemma A.3, with the roles of r and z reversed. 0O

COROLLARY 4.6. (i) If -1 <~y <1 andRe(t) > -b(2y+1) =1, t # —1, then

[To(&,m)| < Coe(1+[€])7.
(ii) If =1 <~ <0 and Re(t) > —(y+1), t # —1, then [Io(§,n)| < Cs(1+ )

if [§] < Alnl.

dz

S(l+|r|)[1wz‘2

PROOF. This corollary follows by interpolation between the results of Proposi-
tions 4.4 and 4.5 using the analytic function t — (¢ + 1)Ip(&,7n).




358 M. COWLING AND G. MAUCERI

COROLLARY 4.7. The mazimal operator u¥# is LP-bounded when
(i)l<p<2,p>1+4a/2,p>(2b+1)/(b+1), or
(i) 2<p< oo, p>2a.

PROOF. We have that |i(po)] < C(1+p)?,0 € S?, pe R*,if y > —1/a and
v > —1/2b— 1 (by Corollaries 4.3 and 4.6); (i) follows from Theorem 2. To prove
(ii), we apply Theorem 3 to the measures p, ¢ in similar fashion. O

Easy examples show that these results are essentially best possible. It may be
worth pointing out that the formulation of part (ii) of Theorem IIL.3 of [1] is wrong;
Corollary 4.7 presents the correct result.

5. Further results. Similar examples in higher dimensions can be treated
by this method: a new effect can then be observed. Before we describe this, we
observe that, in the above example, when the index b lies in (%, 1), then the Fourier

transform (k!/21)7(0,0,7) is given by
_ +1
("2)7(0,0,m) = / / e k1/2dS = / ek 22mr(dl/dz) dz
S -1

+1
= / €%|2|°~1h(2) dz,
-1

where h is reasonably well behaved near 0. The “singularity at z = 0” therefore
“propagates in the z direction”, in as much as it causes a decay of the order of
|n]~? in the Fourier transform, and this decay is less rapid than the |n|~! decay
one might hope for. This phenomenon depends on the unboundedness of k, so one
might imagine that for nicer surfaces (e.g. analytic surfaces) it might not occur.
However, such fancies are idle. We consider the analytic surface S in R® given by

u2+v2+w2+x2+y2+z4:1.

The singularity in the curvature is at 2 = 0, where we have (approximately)
k ~ 3z2. In this case,

+1 )
(k1/24)(0,0,0,0,0,7) ~ / €7 /3)2|h(z) dz,

where h is reasonably well behaved, and so (k!/2)” decays as || =2 because of the
singularity of |z| at 0. This is not as rapid as one would like; indeed, in other direc-
tions, the decay is of the order of p~%/2, which is what one would hope for. Even
for analytic surfaces, then, there can be “nonnormal propagation of singularities”
in the Fourier transform (k?u)”, except when @ is a natural number. The simple-
minded conjecture that (k'/2u)” decays as p~(*~1)/2 n being the dimension of the
ambient space, fails.

We conjecture that, for reasonably smooth hypersurfaces, (ku)~ decays as
p~(m=1)/2 'n being the dimension of the ambient space. At present, the best we can
do in general is to show that (k?u)” has this decay, where 0 is the integer part of
(n + 3)/2, though for n = 2 the methods of the Appendix are sufficiently powerful
to show that (k'/2u)” decays as p~ !/ if y is the arc measure on a compact analytic
curve. We also conjecture that if n > 3 and if i decays as p~“, where a < 1, then
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(k®u)” decays as p~! when § = (1 — a)/(n — 1 — 2a) (the result one would obtain

by interpolation if (k1/21)” decayed as p~("~1)/2; however, we have only been able
to verify this for a few examples, including the example of measures supported on
the graph of a homogeneous function whose curvature vanishes at the origin only). -
Since none of our results is definite, and the proofs are long, we have not included
them here, but hope to publish more on these questions soon.

Appendix—van der Corput type lemmata. In this Appendix, we have
collected various results on the decay of oscillatory integrals, which use van der
Corput’s techniques (see, e.g., (7] for an account of these).

We assume that a,b are fixed real numbers, with a > % and b > —21-; we suppose
0<7r<10<2z<1andr? 422 = 1, so that r is implicitly a function of
z and vice versa. The parameters a, 3, £,n,0 are arbitrary real numbers, unless
further restrictions are specifically indicated. All inequalities hold uniformly as all
the (Greek) parameters vary over their ranges.

LEMMA A.1. Ifo,B€[0,1], then

< C(1+1a)"?,

B
f/ ei"zK(Er)ri” dr

where K denotes either the Bessel function Jy or its deriative Jj.

PROOF. We may assume o = 0 and £ > 0, and that £8 > 1 for

B )
5/ e K (Er)rt? dr| < €8
0

Now
K(x) = C+|z|—l/2eiz + C_lz|—1/2e—iz + O(|z|_3/2),

SO
B .
{/ e K (Er)rtd dr
0
1/¢ . B . .
= §/ e K(Er)rte dr+£/ e’"’0(|£r|”3/2)r“’dr
0 1/¢
+CEI/2 /B einzeifrria—l/2 dr
1/¢
B o
+ 0161/2/ emze—tfrrw—l/Z dr.

1/¢

The first two integrals are obviously bounded, and changing # and o to —n and —o
changes the last integral to the complex conjugate of the third. It will therefore
suffice to show that (for all 3 in [0, 1])

< C(1+]o])!2.

B
51/2/ einzeifr,rio—lﬂ dr
0
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Put w = (&r)'/2, v = (€0)"/2, ¥(w) = nz(w?/€) and d(w) = Y(w) + w? +
20 logw. Then ~ € [0, £'/2] and we need to show that

(A1)

A exp(w(w))dw] < C(1 4 |o]) 2

which we do using van der Corput’s method.

Notice that (w3¢"(w))’ = (w3 (w))’, which is of constant sign for w in [0, ).
(This can be seen by writing z(w?/£) as a power series in w with all nonconstant
terms with negative coefficients, and manipulating this series.) Consequently, w —
w3¢"'(w) and hence ¢ vanish at most once in (0,7), ¢” vanishes at most twice,
and (0,~) can be divided into at most three intervals where ¢’ is monotone.

Take ¢ = 2(2a—1)/(12a—1), and let J be the set of w such that w > (|s|/c)!/?+1
and |¢'(w)| < cw. For w in J, ¥/ (w) + 2w + 20 /w < cw so

¥ (w) < —2w+ cw — 20/w < —2w + cw + 2cw.

Since

¥ (w) = —(2an/b)g~20wam1(1 — wie/g2)1/B-1
ww,b”(w) — [(4a _ 1) + 20(2 _ 1/b)w4a£-2a(1 _ w4a/£2a)—1]¢/(w),

so for w in J,
¥ (w) < (4a — )¢’ (w)/w < (4a — 1)(3¢ — 2),

and
¢"(w) = " (w) + 2 — 20 /w?
<(4a-1)3c—-2)+2+2c=-2(2a-1).

To prove (A.1), integrate over the region where w < (|o|/c)!/? + 1, which con-
tributes at most (|o|/c)'/? 41 to the total, and break up the rest into integrals over
the intervals in which ¢’ is monotonic. These intervals in turn break up into at
most two intervals in which ¢’ is monotonic and |¢’(w)| > cw (hence also |¢'| > ¢)
and at most one interval where |¢'(w)| < cw and so |¢”| > 2(2a — 1). By van der
Corput’s lemma, (4.1) holds and the lemma is proved. O

LEMMA A.2. Ifa,f€(0,1], and 0 # 0, then

lim < C(lo| + lo|™1).

B
einz,',6+ia——1J dr
s /a o(€ér)

PROOF. We may assume o = 0 and £ > 0.
Now Jo(&r) =1+ O(&r), so if €6 < 1, then

B ‘ 6. :
sJim enzpdtio=1 1o (ér) dr = 6lir(r)1+/ ez rétio=1 4 0(1),
—0+ 0 — 0
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while if £8 > 1, then, using also the fact that Jo(&r) = O(|¢r|~1/2), we have that

B . )
6&%1_’_ A etnz,r6+w—1J0(§,’.)d,’.

1/¢ . 1/¢ | .
= 61i%1+ enzpbtio=1 gy 4 8li1(r)1+ / e pdtio=10(¢r) dr
— 0 — 0

8 )
+ lim eM2pdtio=10(|er|~1/2) dr
60+ Jy/¢

1/¢ .
= lim eMzp8tio—1dr 4 O(1).
§—0+ Jo

Therefore we need only show that, if v € [0, 1], then

~
lim ginzpdtio—1 g,
§—0+ 0

< C(lo] + lo|™h).
We set v = 72%; then it suffices to show that
1 3
lim / exp(in(l _ v)1/2b)v2ma+6—1 dv
§—0+ Jo

(A.2) < C(lo| +lo|™).

Suppose that € = min{~,2b/|n|}. Since

| exp(in(1 — v)/?*) — exp(in)| = | exp(in|(1 — v)*/** - 1]) ~ 1]
< Inll(1 = v)Y* ~ 1] < Inlo,

we have
€
(A.3) lim / exp(in(1 — v)1/2)pZias+6-1 gy,
€ €
< g 2ia0+6—1 . s
<  lim /0 exp(in)v dv| + lim /0 n[v? dv
=1/2alo| +€ln| < C(1+ o] ™).
Moreover,

o
. -1 _ .\1/2by, 2iac+6—1
61_1'1(1)1_" /e exp(in(1l —v)/“*)v dv

2 o
=/ exp(in(l—v)1/2b)(1—2iaa)/ %92 dr dv

€
oo . min(z,’y)
=(1- 2iao)/ 1:2““"2/ exp(in(1 — v)Y/?*) dv dz.
€ €

Finally, we have the trivial estimate

min(zvﬁy)
/ exp(in(1 — v)/?*) dv| < min(z,~) — €
€

and the van der Corput type estimate

min(z,y)
/ exp(in(1 — v)/?*) dv
€

< 2b/|n|
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(this is because |d(1 — v)'/2/dv| = |(—=1/2b)(1 — v)1/22=1| > 1/2b for v in (0, 1)),
so that

(A-4) 51_1.I(r)l+

v .
/ exp(zn(l _ ,U)l/2b),u2uw'+6—l dv

€
< (1 + 2alo)) / =2 min{min(z, ) — &, 2b/|n|} dz < C(1 + |o]).
€
By combining (A.3) and (A.4) we have proved (A.2) and hence the lemma. O
LEMMA A.3. For a,B i [0,1], |ff e€Tetz dr| < Cln|~1/%e.

PROOF. Without loss of generality, we may assume a = 0; our integral is then
fg exp(i4(r)) dr, where @(r) = &r + nz(r). Now, by writing z as a power series in
e we see that

16" ()| = Inl|2"(r)] > (2a - 1)(a/b) In|r**~2.
Take § = min(B, |n|~1/2¢). Then

+

§ B
/ exp(ip(r)) dr / exp(i(r)) dr
0 )

[ exptiotryar| <
0

The first integral is no bigger than § in absolute value, and the second is either
0 (if & = B) or can be estimated by van der Corput’s lemma, using |¢"(r)| >
Cinlé622—2. O

LEMMA A.4. Ifo,B€[0,1], then

B8 .
f/ e"’zJo(ﬁr)rl/2zb“1+” dz

23

<CA+|r).

PROOF. We may assume that & =0 and £ > 0. Since
Jo(z) = Cylz|7/%€" + C_|z|7 /%7 + O(|z| 1),
we have 5
6/ einz‘]o(g,r),rl/2zb—l+ir dz
0
s 4
— C+£1/2/ emzez&zb—l—i—w dz
0
s ) .
+ 0—61/2/ e—znze—zﬁ'rzb—l+z‘r dz
0
B 4
+ 6/ emzo(l&.l—l)rlﬂzb—lﬂr dz.
0

The last integral is clearly bounded, uniformly in the parameters. It suffices to
estimate

B8
51/2/ =Nz kT h—1+ir g,
0
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We set v = 2, 9(v) = (1 — v2)V/2¢ and ¢(v) = nv'/ + £4(v) + brlog(v). Then we
must prove that, for arbitrary 8 in [0, 1],

B
£ /0 exp(i(v)) dv

Now it follows from the definitions of ¢ and v that
v¢"(v) — (1/b = 1)¢' (v) = &[vyp" (v) — (1/b = 1Y’ (v)] - 7/w.

By writing ¥(v) as a power series in v? with all terms after the constant term with
negative coefficients, we see that, if v € (0,1), then

ve"(v) — (1/b—1)¢'(v) < (1 - 1/a)(2 — 1/b)v,

(A.5) < C(A+]r)).

s0
(A.6) lvg" (v) — (1/b - 1)¢'(v)| < (€/a)(2 - 1/b)v — |7|/v.
Let v = [2ab(1 + |7|)/(2b — 1)€]/2. If 4 > B3, then

B
£ / exp(id(v)) dv| < €26 < C(1 + |r)/>;
0

if v < 8, then we divide the integral in (A.5) in two:

B
g2 /0 exp(id(v)) dv

B8
< £12 / exp(id(v)) dv
ol

£12 /O ’ exp(w(v))dv! +

<O+ )2+

e [ ? explid(v) do

From (A.6), if v € [y, 0],
lvg”(v) — (1/b—1)¢'(v)| > (£/2a)(2 — 1/b)v.
If b = 1, then we conclude that |¢"(v)| > C, so that

<cC

ik / ? exp(id(v)) dv

by van der Corput’s lemma. If b # 1, we must argue more deviously: clearly
lvg"(v)| = (§/4a)(2 — 1/b)v, or [(1/b—1)¢'(v)| > (¢/4a)(2 - 1/b)v;
alternatively,
" (v)| > (¢/4a)(2 - 1/b), or |¢'(v)| > (€/4a)(2 - 1/b)[1/b— 1|7 .

Because

(V1126 ()Y = £ ),
and this latter expression is of constant sign, v!~1/%(v2¢" (v))’ and so also (v2¢" (v))’
have at most one zero in (0,1), and then v2¢"(v) and so also ¢”(v) have at most
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two zeros in (0,1). Thus there are at most three subintervals of [v, 8] in which ¢’
is monotone; each of these subintervals breaks up into at most two subintervals in
which ¢’ is monotone and

¢ (v)] > (£/4a)(2 = 1/b)[1/b— 1]~y
> CE2(1+ )2,
and a third subinterval in which
l¢"(v)| > (€/4a)(2 - 1/b) = C¢.

Application of van der Corput’s lemma now shows that

<Ceve,

B
g2 / exp(id(v)) dv

and (A.5) is proved, and thereby the lemma. O

LEMMA A.5. Suppose that a € (0,1) and that A = 3max{|r'(z)|:z € [0,q]}.
Then

’n/ exp(i[ér + nz))2"" dz| < C(1 + |7|)
0
for £ and n such that |n| > A[¢].
PROOF. The integral is [ exp(i¢(z)) dz, where ¢(2) = £r +nz + 7log(z). Take
~=3|r/n|. If ¥ > a, then

n / " exp(i6(2)) d2| < Inla < 37,
0

while if v < @, then
I [ exptive) a
It therefore suffices to show that
(A7) n /7 " exp(id(2)) dz
Now ¢/(z) = &r'(2) + n +7/2, so for z in [y, o],

|6/ (2)] > Inl = |€|A/3 = nl/3 = Inl/3.

Since (22¢"(2))’ is of constant sign in [y, a, 22¢"(z) and so also ¢"(z) is zero for
at most one value of z in [, o] and [, @] splits into at most two intervals in which
@' is monotone. Breaking the integral in (A.7) up into the integrals over these
subintervals and applying van der Corput’s lemma then proves (A.7). O

<3l +|n [ " explio(2)) dz

<C.
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